The rate-controlled constrained-equilibrium (RCCE), a model order reduction method, has been further developed to simulate the combustion of propane/oxygen mixture diluted with nitrogen or argon. The RCCE method assumes that the nonequilibrium states of a system can be described by a sequence of constrained-equilibrium states subject to a small number of constraints. The developed new RCCE approach is applied to the oxidation of propane in a constant volume, constant internal energy system over a wide range of initial temperatures and pressures. The USC-Mech II (109 species and 781 reactions, without nitrogen chemistry) is chosen as chemical kinetic mechanism for propane oxidation for both detailed kinetic model (DKM) and RCCE method. The derivation for constraints of propane/oxygen mixture starts from the eight universal constraints for carbonfuel oxidation. The universal constraints are the elements (C, H, O), number of moles, free valence, free oxygen, fuel, and fuel radicals. The full set of constraints contains eight universal constraints and seven additional constraints. The results of RCCE method are compared with the results of DKM to verify the effectiveness of constraints and the efficiency of RCCE. The RCCE results show good agreement with DKM results under different initial temperature and pressures, and RCCE also reduces at least 60% CPU time. Further validation is made by comparing the experimental data; RCCE shows good agreement with shock tube experimental data.
Introduction
Most of the energy used today comes from combustion processes all over the world. Effective prediction model for combustion is an important tool to increase our energy consumption efficiency. The most accurate way to simulate the combustion process is using the detailed kinetic model (DKM), which includes all possible species, reactions, corresponding thermodynamic data, and transport properties. It has been used for zerodimensional, one-dimensional combustion simulations [1] [2] [3] [4] [5] [6] . Such model often involves hundreds of species and thousands or even more reactions. It will become more complex when the species rate equations are coupled with transport equations of two or three dimensions and turbulent flame. The computational cost will be unaffordable for these types of system. A great deal of reduction techniques is developed for simplifying the chemical kinetics of complex systems. Some of the reduction techniques are the quasi steady-state approximation [7, 8] , partial equilibrium approximation [9] , intrinsic low-dimensional manifold [10, 11] , quasi-linearization approach [12] , reaction-diffusion manifolds [13, 14] , minimal entropy production trajectories [15] , computational singular perturbation [16] , level of importance [17] , adaptive chemistry [18] , flamelet-generated manifolds [19] , direct relation graph [20] , invariant constrained equilibrium-edge preimage curve (ICE-PIC) [21, 22] , G-scheme [23] , relaxation redistribution method [24, 25] , and the equation-free approach [26] .
Among all the dimension reduction techniques, rate-controlled constrained-equilibrium (RCCE) method is a model order reduction method, which simplifies the physical model of a complex chemical reaction system based on second law of thermodynamics. RCCE method was first introduced by Keck and Gillespie [27, 28] and was improved by Metghalchi and coworkers [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . The RCCE method is based on the maximum entropy principle. It assumes that at each instant of time, the state of the system is at equilibrium with respect to a small number of rate-controlling constraining functionals. These equilibrium states are called constrained-equilibrium states. The relatively slow reactions, which change the value of the constraining functionals, are ratecontrolling reactions. The fast reactions then relax the system to its corresponding constrained-equilibrium state. Thus, the nonequilibrium states of a system can be described by a sequence of constrained-equilibrium states subject to a small number of constraints. RCCE method reduces the order of the reactor model since the number of constraints is much smaller than the total number of species. RCCE method reduces the reactor physical model and the reduced model can be applied to the specific reactor (constant T-P, constant E-V, or constant H-P, etc.) with any kind of fuels. The objective of RCCE application is then to identify the rate limiting reactions based on the type of fuels. There are two types of strategies to choose the constraints. One way is to use knowledge of chemistry intuition: the constraints are chosen by studying the chemical reaction mechanism. The other method is to determine the constraints using mathematical algorithms where no deep understanding of chemical reaction mechanism is required. Janbozorgi et al. [41, 42] studied the C 1 hydrocarbon fuel combustion process and came up with a set of constraints that has good agreement with the DKM model. Ghassan and Metghalchi [43] investigated the oxidation process of ethanol and developed a set of 16 constraints, which can successfully predict the ignition delay time of ethanol/air combustion. Hiremath et al. [44] [45] [46] [47] applied greedy algorithm and tabulation strategy to choose constrained species to simulate turbulent flames. Yousefian [48] developed a thermochemistry algorithm that can generate constraints based on the chemical reaction time scales. Beretta et al. [49] used the concept of degree of disequilibrium (DoD) [50] to create an algorithm that can automatically create a set of constraint vectors. Rigopoulos and coworkers [51] [52] [53] [54] [55] [56] combined RCCE with other reduction techniques to simulate different flame structures from laminar premixed flame to turbulent nonpremixed flame.
In this study, RCCE method is further developed to simulate propane/oxygen (diluted with nitrogen/argon) combustion. The mathematical model of RCCE simulation is derived in Sec. 2. In Sec. 3, the constraints are chosen based on the reaction mechanism analysis of the oxidation process. In addition to eight universal constraints, five more constraints (moles of aldehyde þ carbon monoxide, moles of radicals of water, number of carbon-carbon bonds in each molecule, moles of ethyl þ propene and moles of ethylene) are identified. In cases where nitrogen (N 2 ) or argon (Ar) appears as diluent, extra constraint such as elements of nitrogen/argon is included to carry out RCCE simulations. In Sec. 4, the results are validated by comparing with DKM results and experimental data [57] [58] [59] . In Sec. 5, conclusions are drawn based on the results obtained in Sec. 4. 
where X j is the symbol of species j, n s is the total number of species, n r is the total number of reactions, 0 jk and 00 jk are the stoichiometric coefficients for species j in the reaction k on the reactants and products side of the equation, respectively. Then, the rate equation of species j can be expressed as
where
where d X j ½ =dt is the net molar concentration changing rate of species j, r k is the reaction rate for the k th elementary reaction, k fk and k rk are the elementary forward and reverse rate coefficients of the k th reaction, respectively.
Rate Equation for
Temperature. The energy of the reactants and products mixture can be expressed as follows:
The rate equation for the temperature of constant internal energy and constant volume system is obtained by differentiating Eq. (5)
where N j is the mole number of species j, e j T ð Þ is the specific internal energy (per mole) of species j at temperature T, and c vj ¼ de j =dT is the specific heat at constant volume for species j (details are shown in the Appendix).
Constrained-Equilibrium Formulation.
For any chemical reacting system, the constrained-equilibrium state is found by maximizing entropy (or minimizing Gibbs free energy) subject to the constraints using Lagrange multiplier method [60] . The general chemical equilibrium state is also a constrained-equilibrium state subject to the elemental constraints only (i.e., conservation of elements in chemical reactions).
The constraints can be described as
where C i is the constraint i, a ij is the value of the i th constraint in species j (the ij element of constraint matrix A), and N j is the mole number of species j.
Applying Lagrange multiplier method, the Lagrangian is
whereS is the dimensionless entropy (S ¼ S=R), c i is the Lagrange multiplier of constraint i, C i is the i th constraint, a ij is the value of the i th constraint in species j (the ij element of constraint matrix A), and N j is the mole number of species j. Maximizing the object function by setting total derivative of the Lagrangian to be zero
Each term of Eq. (9) has to be zero in order to let the equation hold
Recall that
where p 0 is the standard atmosphere pressure, l 0 j ¼ l jj ðT; p 0 Þ=RT is the dimensionless Gibbs free energy, and c i is the Lagrange multiplier (or called constraint potential) for the ith constraint.
Rate Equation for
Constraints. The constrainedequilibrium state can be found by maximizing entropy (or minimizing Gibbs free energy) using Lagrange multiplier method (Eq. (12) derived in Sec. 2.3).
The rate equation of constraints can be obtained by taking derivative of Eq. (7) with respect to time and using equation X j ½ ¼ N j =V and Eq. (2)
2.5 Rate Equation for Constraint Potentials. The rate equations in constrained potential form can be derived from taking time derivative of Eq. (12) combined with Eq. (2) (see the Appendix for detailed derivation)
The additional equation is obtained by coupling Eq. (6) with Eq. (12)
The nonequilibrium process is obtained by integrating Eqs. (14) and (15) ; the concentration of all species then can be determined by using Eq. (11).
Constraints Selection
USC Mech-II [61] was chosen for propane combustion simulation. This mechanism contains 109 species and 784 reactions without any nitrogen chemistry. It is valid for high temperature combustion reaction simulation of C 1 À C 4 hydrocarbon fuels. Table 1 shows the constraints for propane/oxygen combustion, which are identified through studying the chemical reaction process. The first eight constraints are called universal constraints
must be the same number of atoms of each element on each side of a chemical reaction equation. Thus, the fixed constraints for any reaction system are the elements, which are element of hydrogen (EH), element of oxygen (EO), and element of carbon (EC) in this case.
Under these conditions, the slowest reactions controlling the chemical composition are three-body dissociation and recombination reactions, which create and break valence bonds. The high activation energy required by these reactions makes them very slow comparing to the others. These reactions are also exothermic because of the small rate of three-body collision rates and small radical concentration involved. They slowly change the constraints total number of moles, M, and free valance, FV. Therefore, M and FV are considered as universal constraints.
Another important constraint is the free oxygen, FO. It is defined as any oxygen atom that is not directly connected to another oxygen atom. The slow O-O bound breaking reactions increase the value of FO, which is a necessary condition for the formation of major oxide of hydrocarbons.
Constraints mole number of fuel (FU) and mole number of fuel radicals govern the initial state of the system and the initiation of the reaction.
Additional constraints that have been found very useful to improve the accuracy of RCCE calculation are moles of radicals of water (OH þ O) and moles of HCO þ CO. Hydroxide (OH) and carbon monoxide (CO) are chosen as constraints because of the relatively slow reactions RH þ OH () R þ H 2 O and CO þ HO 2 () CO 2 þ OH, respectively. There also exist fast reaction, which can balance O with OH (RH þ O () OH þ R) and CO with HCO (HCO þ O 2 () CO þ HO 2 ).
For hydrocarbon fuel heavier than methane, another constraint is introduced to characterize the change from C m to C n species, where C À C bond is broken or formed. The value for constraint CC is equal to the number of C À C bonds that exists in the molecules. Also, C 3 H 6 þ C 2 H 5 and C 2 H 4 are important constraints since they control the reaction path from C 3 to C 2
Two extra constraint sets (H 2 þ H 2 O 2 and CH 3 þ CH 4 ) are selected based on user's experience for high initial pressure Figures 1 and 2 show the change of constraint potential along with time of a stoichiometric mixture with initial temperature 1500 K and initial pressure 1 atm. The values of constraints and constraint potentials are controlled by the concentration of species and temperature of the system as stated in Eqs. (7) and (12) . It is clearly shown that at equilibrium, the constraint potentials of nonelement constraints vanish while those of elemental constraints remain, which means only elemental constraints govern the system at equilibrium state. Recall that for any chemical equilibrium calculation program, the equilibrium state is achieved by having maximum entropy (or minimum Gibbs free energy) subject to conservation of elements. In other words, RCCE will eventually become the general chemical equilibrium calculation program because all nonelemental constraints vanish; thus, the correct final equilibrium state can always be insured by RCCE method.
To investigate the sensitivity of the ignition delay time to the different constraints, a comparison is made for a stoichiometric mixture system with initial temperature T i ¼ 1500K and initial pressure p i ¼ 1 atm. A series of RCCE calculations was carried out starting from eight universal constraints and adding one additional constraint at one time. Figure 3 shows the comparison of temperature profile of DKM and RCCE with different number of constraints. The curves in Fig. 3 start from the first ten constraints in Table 1 and end with the total 13 constraints. It is clearly shown that as the number of constraints increases, the accuracy of RCCE is improved. In general, as the total number of constraints becomes the same as number of species, the RCCE method then becomes identical to DKM. All the RCCE models go to the correct final equilibrium state as calculated by STANJAN, because the elemental constraints that govern the equilibrium state remain while the other constraints vanish eventually at equilibrium.
The 13 constraints listed in Table 1 were used to predict the ignition delay time of propane with different initial temperature and initial pressure. Figure 4 shows the comparison of predicted results with DKM simulations under different initial temperature conditions. From Fig. 4 , it can be observed that RCCE agrees well with DKM for different initial temperatures. Figure 5 shows the comparison between RCCE with 15 constraints and DKM. It indicates that the difference between DKM and RCCE increases as initial pressure increases, but still has good agreements. Further validation for high initial pressure combustion was made by comparing RCCE results with high pressure shock tube experiments. Details are discussed in Sec. 4.2. Figure 6 shows the CPU time comparison of RCCE and DKM calculation. These data were collected on a personal computer with 1.4 GHz Intel Core i5 CPU. RCCE, as a model reduction technique, can reduce the calculation CPU time by 60% than DKM calculation. This advantage will become more significant when the computational time of DKM model is very large. For reacting flows, chemical reactions are coupled with Navier-Stokes equations, and it will take huge computational cost to simulate the system. In these cases, RCCE method is an effective and reliable strategy to reduce computational costs for combustion simulations.
Comparison
of Rate-Controlled ConstrainedEquilibrium Simulations With Experimental Data. Ratecontrolled constrained-equilibrium simulation results have been compared with propane oxidation shock tube experimental data to further validate the selected constraints. In shock tube experiments, residual gas velocities may contribute to pressure gradients along the shock tube axis. Thus, diluting fuel/oxidizer mixture and shorting test times are applied to minimize this effect. Since nitrogen or argon is often used as diluent in shock tube experiments, extra constraint of elements of diluents (elemental nitrogen/argon) is included to describe the dilute propane/oxygen mixture. Because USC Mech II is a high temperature mechanism, all the simulations were carried out at high temperature (T > 1050 K). In this temperature region, combustion inside the shock tube can be considered as in a constant internal energy and constant volume reactor. Figure 7 shows the comparison of RCCE predicted ignition delay time and shock tube experimental data from Cadman et al. [57] and Lam et al. [62] . A lean mixture with equivalence ratio / ¼ 0:5 and 91:2% Ar as diluent and initial pressure is 6 atm is used for simulation. It can be seen that RCCE simulation results are in great agreement with the experimental data. Figure 8 describes the comparison of RCCE simulation with shock tube experimental data at higher pressure (30 atm) [58, 59] . The equivalence ratio of the mixture is / ¼ 0:5 with 76.9% N 2 as diluent. As shown in Fig. 8 , RCCE predicted ignition delay time has very good agreement with the experimental data, which indicates that the 14 constraints are able to govern the propane/oxygen diluted with nitrogen (or argon) combustion process.
Conclusions
Rate-controlled constraint-equilibrium method was further developed to simulate the nonequilibrium propane/oxygen (diluted with nitrogen/argon) combustion. USC Mech II (111 species and 784 reactions, no nitrogen chemistry included) was chosen for propane combustion simulation under a wide range of initial temperatures, pressures, and equivalence ratios. Thirteen constraints were selected for the RCCE method by analyzing the reaction process of propane combustion. The RCCE method with 15 constraints can lead the system to the correct equilibrium state with good accuracy for propane/oxygen mixture combustion, which is guaranteed by RCCE method since RCCE is based on the well-established maximum entropy principle of thermodynamics. The RCCE method also has good agreement with DKM simulation. Further comparison of RCCE method with 14 constraints (an extra elemental constraint for diluent nitrogen or argon) and shock tube experimental data shows very good accuracy of RCCE method under different initial temperatures and pressures. In addition, it is clearly shown that RCCE method can reduce about 60% CPU time without losing accuracy with DKM and experimental data. RCCE method is proved to be an effective and reliable strategy to reduce computational costs for combustion simulations. 
where N j is the mole number of species j, e j T ð Þ is the specific internal energy (per mole) of species j at temperature T, and c vj ¼ de j =dT is the specific heat at constant volume for species j. 
Derivative of Eq. (A4) with respect to time is
Using Gibbs-Duhem relation, the second nonzero term in the right-hand side becomes 
